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1. Introduction. 

𝑓(𝑧) = 𝑧𝑝 + ∑∞
𝑛=𝑚 𝑎𝑛+𝑝𝑧

𝑛+𝑝 (𝑝,𝑚 ∈ 𝑁 = {1,2, . . . }; 𝑧 ∈ 𝑈 = {𝑧 ∈

 C and |𝑧| < 1}).                                        (1) 

 

Denote by  𝐴𝑝(𝑚)  the class of  analytic  𝑝 − valent functions of the form: 

We note that :   𝐴𝑝(1) = 𝐴𝑝 . 

For two functions  𝑓(𝑧)  and  𝑔(𝑧) , analytic in  𝑈,   𝑓(𝑧)  is subordinate to  

𝑔(𝑧)(𝑓(𝑧) ≺ 𝑔(𝑧))  in  𝑈 , if there exists a function  𝜔(𝑧) , analytic in  𝑈  with  

𝜔(0) = 0  and  |𝜔(𝑧)| < 1,   𝑓(𝑧) = 𝑔(𝜔(𝑧))   (𝑧 ∈ 𝑈)  and if  𝑔(𝑧)  is 

univalent in  𝑈 , then (see for details [1], [5] and also [7] ): 

𝑓(𝑧) ≺ 𝑔(𝑧) ⇔ 𝑓(0) = 𝑔(0) and 𝑓(U) ⊂ 𝑔(U).  

The Hadamard product of  𝑓(𝑧)  and  𝑔(𝑧)  given by  ,)( pn

pn
mn

p zbzzg +

+



=

+=   

is defined by                                                               

 

            (𝑓 ∗ 𝑔)(𝑧) = 𝑧𝑝 + ∑∞
𝑛=𝑚 𝑎𝑛+𝑝𝑏𝑛+𝑝𝑧

𝑛+𝑝   = (𝑔 ∗ 𝑓)(𝑧).         (2)   

 

 The Mittag-Leffler function  𝐸𝛼(𝑧)  ( 𝑧   ∈   𝐶 ) ([10] and [11]) is defined by 

𝐸𝛼(𝑧) = ∑

∞

𝑛=0

1

𝛤(𝑛𝛼 + 1)
𝑧𝑛(𝛼 ∈ 𝐶, 𝑅𝑒( 𝛼) > 0). 
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For  𝛼, 𝛽, 𝛾 ∈ 𝐶 ,  𝑅𝑒( 𝛼)  >  𝑚𝑎𝑥  { 0, 𝑅𝑒( 𝑘) − 1 } and  𝑅𝑒( 𝑘) > 0 , 

Srivastava and Tomovski [18] generalized Mittag-Leffler function by the function  

 

                   𝐸𝛼,𝛽
𝛾,𝑘
(𝑧) = ∑∞

𝑛=0
(𝛾)𝑛𝑘

𝛤(𝑛𝛼+𝛽)𝑛!
𝑧𝑛                  (3)   

and proved that it is an entire function in the complex  −z  plane, where 

(𝛾)𝜃 =
𝛤(𝛾 + 𝜃)

𝛤(𝛾)
{

1,         𝜃 = 0
𝛾(𝛾 + 1). . . (𝛾 + 𝜃 − 1), 𝜃 ≠ 0

. 

Aouf and Seoudy [3], used the function  𝐸𝛼,𝛽
𝛾,𝑘
(𝑧)  and defined the  𝑝 − valent 

function 

  

𝑄𝑝,𝛼,𝛽
𝛾,𝑘 (𝑧) = 𝑧𝑝𝛤(𝛽)𝐸𝛼,𝛽

𝛾,𝑘(𝑧) = 𝑧𝑝 + ∑

∞

𝑛=𝑚

𝛤(𝛽)𝛤(𝛾 + 𝑛𝑘)

𝛤(𝛾)𝛤(𝛽 + 𝛼𝑛)𝑛!
𝑧𝑝+𝑛, 

 
(𝑅𝑒 𝛼 = 0 when 𝑅𝑒 𝑘 = 1 with 𝛽 ≠ 0),             

          (4) 

 

and  for  𝑓(𝑧) ∈ 𝐴𝑝(𝑚),  they defined the operator 

 

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧) = 𝑄𝑝,𝛼,𝛽
𝛾,𝑘

(𝑧) ∗ 𝑓(𝑧) 

= 𝑧𝑝 +∑∞
𝑛=𝑚

𝛤(𝛽)𝛤(𝛾+𝑛𝑘)

𝛤(𝛾)𝛤(𝛽+𝛼𝑛)𝑛!
𝑎𝑝+𝑛𝑧

𝑝+𝑛.                              (5) 

 

From (5) it is easy to have 

𝑘𝑧(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))′ = 𝛾𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧) − (𝛾 − 𝑝𝑘)𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧) (𝑘 > 0)              (6) 

 

and 

𝛼𝑧 (𝐻𝑝,𝛼,𝛽+1
𝛾,𝑘

𝑓(𝑧))
′

= 𝛽 𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧) − (𝛽 − 𝑝𝛼) 𝐻𝑝,𝛼,𝛽+1
𝛾,𝑘

𝑓(𝑧), 𝛼 ≠ 0.     (7) 

We note that: 

(i)  𝐻𝑝,0,𝛽
1,1 𝑓(𝑧) = 𝑓(𝑧);  

(ii)  𝐻𝑝,0,𝛽
2,1 𝑓(𝑧) = (1 − 𝑝)𝑓(𝑧) + 𝑧𝑓 ′(𝑧);  

(iii)  );()(1,2

,0,1 zzfzf


=H   

(iv)  𝐻𝑝,0,1
1,1 (

𝑧𝑝

1−𝑧
) = 𝑧𝑝𝑒𝑧;  

(v)  𝐻1,0,1
1,1 (

𝑧

1−𝑧
) = 𝑧𝑒𝑧 .  

Using the operator  𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧) , we have the following definition. 



PROCEEDINGS OF  IAM, V.9, N.1, 2020 

 

 

 48 

Definition 1. For fixed  A   and  𝐵(−1 ≤ 𝐵 < 𝐴 ≤ 1) , we say that a function  

𝑓 ∈ 𝐴𝑝(𝑚)  is in the class  𝑆𝑝,𝑚
𝛾,𝑘 (𝛼, 𝛽; 𝐴, 𝐵),  if it satisfies: 

      
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑝𝑧𝑝−1
≺

1+𝐴𝑧

1+𝐵𝑧
.                                                           (8) 

In view of the definition of differential subordination, (8) is equivalent to: 

|

(𝐻
𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))

𝑧𝑝−1

′

−𝑝

𝐵
(𝐻
𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑧𝑝−1
−𝑝𝐴

| < 1.                (9) 

We note that: 

 (i) 

𝑆𝑝,1
1,1(0,1; 𝐴, 𝐵) = 𝑆𝑝(𝐴, 𝐵) (−1 ≤ 𝐵 < 𝐴 ≤ 1; 𝑧 ∈ 𝑈) 

= {𝑓 ∈ 𝐴𝑝  :  
𝑓 ′(𝑧)

𝑝𝑧𝑝−1
≺
1 + 𝐴𝑧

1 + 𝐵𝑧
 }, 

the class  𝑆𝑝(𝐴, 𝐵)  was introduced and studied by Chen [9]. 

(ii)  

𝑆𝑝,𝑚
𝛾,𝑘

(𝛼, 𝛽; 1 −
2𝜂

𝑝
,−1) = 𝑆𝑝,𝑚

𝛾,𝑘 (𝛼, 𝛽, 𝜂)(0 ≤ 𝜂 < 𝑝) 

= {𝑓 ∈ 𝐴𝑝(𝑚)  :  𝑅𝑒 {
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑧𝑝−1
} > 𝜂 }.                       (10) 

 

2. Preliminary results. 

The following lemmas will be required in our investigation. 

Lemma 1[7,8] . Let  ℎ(𝑧)  be analytic and convex (univalent) function in  𝑈  with  

ℎ(0) = 1.  Also let  

𝜑(𝑧) = 1 + 𝑑𝑚𝑧
𝑚 + 𝑑𝑚+1𝑧

𝑚+1+. . .  ,                 (11) 

be analytic in  𝑈.  If 

  𝜑(𝑧) +
𝑧𝜑′(𝑧)

𝜏
≺ ℎ(𝑧)(𝑅𝑒(𝜏) ≥ 0; 𝜏 ≠ 0; 𝑧 ∈ 𝑈),    (12) 

then  

𝜑(𝑧) ≺ 𝛹(𝑧) =
𝜏

𝑚
𝑧−

𝜏

𝑚 ∫
𝑧

0
𝑡
𝜏

𝑚
−1ℎ(𝑡)𝑑𝑡 ≺ ℎ(𝑧),          (13) 

and  𝛹  is the best dominant of (12). 

Lemma 2 [20]. Let  𝜇  be a positive measure on the unit interval  [0,1].  Let  

𝑔(𝑧, 𝑡)  be a complex valued function defined on  𝑈 × [0,1]  such that  𝑔(. , 𝑡)  is 

analytic in  𝑈  for each   𝑡 ∈ [0,1]  and such that  𝑔(𝑧, . )  is  𝜇  integrable on  

[0,1]  for all  𝑧 ∈ 𝑈.  In addition, suppose that  𝑅𝑒{𝑔(𝑧, 𝑡)} > 0,   𝑔(−𝑟, 𝑡)  is 

real and  
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𝑅𝑒 {
1

𝑔(𝑧, 𝑡)
} ≥

1

𝑔(−𝑟, 𝑡)
 (|𝑧| ≤ 𝑟 < 1; 𝑡 ∈ [0,1]). 

If the function  𝐺  is defined by  

𝐺(𝑧) = ∫
1

0

𝑔(𝑧, 𝑡)𝑑𝜇(𝑡), 

then 

𝑅𝑒 {
1

𝐺(𝑧)
} ≥

1

𝐺(−𝑟)
 (|𝑧| ≤ 𝑟 < 1). 

Each of the identities (asserted by Lemma 3) is fairly well known (cf., e.g., [19]). 

Lemma 3 [19]. For real or complex numbers  𝑎,   𝑏  and  𝑐   (𝑐 ≠ 0,−1,−2, . . . )  

∫
1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑡𝑧)−𝑎𝑑𝑡 

=
𝛤(𝑏)𝛤(𝑐−𝑏)

𝛤(𝑐)
 2𝐹1(𝑎, 𝑏; 𝑐; 𝑧)(𝑅𝑒(𝑐) < 𝑅𝑒(𝑏) > 0);        (14) 

 

2𝐹1(𝑎, 𝑏; 𝑐; 𝑧) = (1 − 𝑧)     2
−𝑎 𝐹1 (𝑎, 𝑐 − 𝑏; 𝑐;

𝑧

𝑧−1
) (𝑧 ≠ 1)                (15) 

and  

2𝐹1(𝑎, 𝑏; 𝑐; 𝑧) =  2𝐹1(𝑏, 𝑎; 𝑐; 𝑧).                                (16) 

Lemma 4 [17]. Let  𝛷  be analytic in  𝑈  with  

𝛷(0) = 1 and 𝑅𝑒{𝛷(𝑧)} >
1

2
. 

Then, for any function  𝐹  analytic in  𝑈,   (𝛷 ∗ 𝐹)(𝑈)  is contained in the convex 

hull of  𝐹(𝑈).  
Lemma 5 [14]Let  𝜑  be analytic in  𝑈  with  𝜑(0) = 1  and  𝜑(𝑧) ≠ 0  for  0 <
|𝑧| < 1,  and let  𝐴, 𝐵 ∈ 𝐶  with  𝐴 ≠ 𝐵, |𝐵| ≤ 1.  
(i) Let  𝐵 ≠ 0  and  𝜆 ∈ 𝐶\{0}  satisfy either  

|
𝜆(𝐴 − 𝐵)

𝐵
− 1| ≤ 1 or |

𝜆(𝐴 − 𝐵)

𝐵
+ 1| ≤ 1. 

If  𝜑  satisfies  

1 +
𝑧𝜑′(𝑧)

𝜆𝜑(𝑧)
≺
1 + 𝐴𝑧

1 + 𝐵𝑧
, 

then 

𝜑(𝑧) ≺ (1 + 𝐵𝑧)𝜆(
𝐴−𝐵
𝐵

)
 

and this is the best dominant. 

(ii) Let  𝐵 = 0  and  𝜆 ∈ 𝐶\{0}  be such that  |𝜆𝐴| < 𝜋.  If  𝜑  satisfies  

1 +
𝑧𝜑′(𝑧)

𝜆𝜑(𝑧)
≺
1 + 𝐴𝑧

1 + 𝐵𝑧
, 
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then  

𝜑(𝑧) ≺ 𝑒𝜆𝐴𝑧 

and this is the best dominant. 

We used the technique used by ([2,4]and [12]). 

 

3. Main Inclusion Relationships. 

Unless otherwise mentioned, we assume throughout this paper that  −1 ≤

𝐵 < 𝐴 ≤ 1, 𝛼, 𝛽, 𝛾 ∈ 𝐶,   𝑅𝑒( 𝛼)  >  max  { 0, 𝑅𝑒( 𝑘) − 1 } and  𝑅𝑒( 𝑘) >
0, 𝛿 > 0, 𝑓(𝑧)  given by (1.1) and  𝑧 ∈ 𝑈.  
Theorem 1. Let  𝛾 ≠ 0  the function  𝑓(𝑧)  satisfy:  

(1 − 𝛿)
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑝𝑧𝑝−1
+ 𝛿

(𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
≺

1+𝐴𝑧

1+𝐵𝑧
,                    (17) 

then 

(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
≺ 𝛹(𝑧) ≺

1+𝐴𝑧

1+𝐵𝑧
,                                           (18) 

where 

𝛹(𝑧) = {

𝐴

𝐵
+ (1 −

𝐴

𝐵
) (1 + 𝐵𝑧)    2

−1𝐹1 (1,1;
𝛾

𝛿𝑘𝑚
+ 1;

𝐵𝑧

1+𝐵𝑧
) , 𝐵 ≠ 0

1 +
𝛾

𝛾+𝛿𝑘𝑚
𝐴𝑧, 𝐵 = 0.

       (19) 

 

is the best dominant of (19). Furthermore, 

𝑅𝑒 {
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑝𝑧𝑝−1
} > 𝜌(0 ≤ 𝜌 < 1),                                                (20) 

where  

𝜌 = {

𝐴

𝐵
+ (1 −

𝐴

𝐵
) (1 − 𝐵)    2

−1𝐹1 (1,1;
𝛾

𝛿𝑘𝑚
+ 1;

𝐵

𝐵−1
) , 𝐵 ≠ 0

1 −
𝛾

𝛾+𝛿𝑘𝑚
𝐴, 𝐵 = 0.

           (21) 

The result is the best possible. 

 Proof Let  

𝜑(𝑧) =
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑝𝑧𝑝−1
,                                                       (22) 

where  𝜑  is given by (11). Differentiating (22) and using (6), we get  

(1 − 𝛿)
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑝𝑧𝑝−1
+ 𝛿

(𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
= 𝜑(𝑧) +

𝛿𝑘𝑧𝜑′(𝑧)

𝛾
≺
1 + 𝐴𝑧

1 + 𝐵𝑧
. 

 

Now, by using Lemma 1 for  𝜏 =
𝛾

𝛿𝑘
,  we get  
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(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
≺ 𝛹(𝑧) =

𝛾

𝛿𝑘𝑚
𝑧−

𝛾
𝛿𝑘𝑚∫

𝑧

0

𝑡
𝛾

𝛿𝑘𝑚
−1 (

1 + 𝐴𝑡

1 + 𝐵𝑡
) 𝑑𝑡 

= {

𝐴

𝐵
+ (1 −

𝐴

𝐵
) (1 + 𝐵𝑧)    2

−1𝐹1 (1,1;
𝛾

𝛿𝑘𝑚
+ 1;

𝐵𝑧

1 + 𝐵𝑧
) , 𝐵 ≠ 0

1 +
𝛾

𝛾 + 𝛿𝑘𝑚
𝐴𝑧, 𝐵 = 0.

 

This proves (18) of Theorem 1. In order to prove (19), we need to show that  

  𝑖𝑛𝑓

|𝑧|<1

{𝑅𝑒(𝛹(𝑧))} = 𝛹(−1).                                   (23) 

We have 

𝑅𝑒 {
1 + 𝐴𝑧

1 + 𝐵𝑧
} ≥

1 − 𝐴𝑟

1 − 𝐵𝑟
 (|𝑧| ≤ 𝑟 < 1). 

Putting  

𝐺(𝑧, 𝜁) =
1 + 𝐴𝜁𝑧

1 + 𝐵𝜁𝑧
 and 𝑑𝑣(𝜁) =

𝛾

𝛿𝑘𝑚
𝜁

𝛾
𝛿𝑘𝑚

−1𝑑𝜁(0 ≤ 𝜁 ≤ 1), 

which is a positive measure on  [0,1],  we obtain 

𝛹(𝑧) = ∫
1

0

𝐺(𝑧, 𝜁)𝑑𝑣(𝜁). 

Then 

𝑅𝑒(𝛹(𝑧)) ≥ ∫
1

0

1 − 𝐴𝜁𝑟

1 − 𝐵𝜁𝑟
𝑑𝑣(𝜁) = 𝛹(−𝑟) (|𝑧| ≤ 𝑟 < 1). 

Assuming  𝑟 → 1−  in the above inequality, we obtain (23). The result in (20) is 

the best possible and  𝛹  is the best dominant of (18). This completes the proof of 

Theorem 1. 

Taking  𝛿 = 1  in Theorem 1, we obtain 

Corollary1. The following inclusion relation holds: 

𝑆𝑝,𝑚
𝛾+1,𝑘(𝛼, 𝛽; 𝐴, 𝐵) ⊂ 𝑆𝑝,𝑚

𝛾,𝑘 (𝛼, 𝛽; 1 −
2𝜂

𝑝
, −1)

⊂ 𝑆𝑝,𝑚
𝛾,𝑘 (𝛼, 𝛽; 𝐴, 𝐵)(0 ≤ 𝜂 < 𝑝), 

where  

𝜂 = {

𝐴

𝐵
+ (1 −

𝐴

𝐵
) (1 − 𝐵)    2

−1𝐹1 (1,1;
𝛾

𝑘𝑚
+ 1;

𝐵

𝐵 − 1
) , 𝐵 ≠ 0

1 −
𝛾

𝛾 + 𝑘𝑚
𝐴, 𝐵 = 0.

 

The result is the best possible. 

Taking  𝛿 = 1, 𝐴 = 1 −
2𝜂

𝑝
(0 ≤ 𝜂 < 𝑝)  and  𝐵 = −1  in Theorem 1, we obtain 

Corollary2. The following inclusion relation holds: 
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𝑆𝑝,𝑚
𝛾+1,𝑘(𝛼, 𝛽; 𝜂) ⊂ 𝑆𝑝,𝑚

𝛾,𝑘
(𝛼, 𝛽; 𝜁(𝑚, 𝛾, 𝑘, 𝜂)) ⊂ 𝑆𝑝,𝑚

𝛾,𝑘 (𝛼, 𝛽; 𝜂), 
where  

𝜁(𝑚, 𝛾, 𝑘, 𝜂) = 𝜂 + (𝑝 − 𝜂) { 2𝐹1 (1,1;
𝛾

𝑘𝑚
+ 1;

1

2
)}. 

The result is the best possible. 

Theorem 2. Let  𝑓(𝑧)   ∈ 𝑆𝑝,𝑚
𝛾,𝑘 (𝛼, 𝛽, 𝜂)(0 ≤ 𝜂 < 𝑝),  then  

𝑅𝑒 {(1 − 𝛿)
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑝𝑧𝑝−1
+ 𝛿

(𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
} > 𝜂 (|𝑧| < 𝑅),       (24) 

where  

𝑅 = {
√𝑘2𝛿2𝑚2+𝛾2−𝑘𝛿𝑚

𝛾
}

1

𝑚

.                                       (25) 

The result is the best possible. 

 Proof Since  𝑓(𝑧) ∈ 𝑆𝑝,𝑚
𝛾,𝑘 (𝛼, 𝛽, 𝜂),  let 

(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
= 𝜂 + (1 − 𝜂)𝑢(𝑧),                                         (26) 

where  𝑢(𝑧)  is given by (11) and  𝑅𝑒{𝑢(𝑧)} > 0.  Differentiating (26) and using 

(6), we get 

1

1−𝜂
[(1 − 𝛿)

(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
+ 𝛿

(𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
− 𝜂] = 𝑢(𝑧) +

𝑘𝛿𝑧𝑢′(𝑧)

𝛾
. (27) 

Applying the following estimate [6]: 

|𝑧𝑢′(𝑧)|

𝑅𝑒{𝑢(𝑧)}
≤

2𝑚𝑟𝑚

1 − 𝑟2𝑚
 (|𝑧| = 𝑟 < 1), 

in (27), we get 

1

1 − 𝜂
𝑅𝑒 [(1 − 𝛿)

(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
+ 𝛿

(𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
− 𝜂] 

≥ 𝑅𝑒(𝑢(𝑧)) (1 −
2𝑘𝛿𝑚𝑟𝑚

𝛾(1−𝑟2𝑚))
).               (28) 

It is easily seen that the right-hand side of (28) is positive, if  𝑟 < 𝑅,  where  𝑅  is 

given by (25). 

In order to show that the bound  𝑅  is the best possible, we consider the function  

𝑓 ∈ 𝐴𝑝(𝑚)  defined by  

(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
= 𝜂 + (1 − 𝜂)

1 + 𝑧𝑚

1 − 𝑧𝑚
. 

Noting that 
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1

1 − 𝜂
[(1 − 𝛿)

(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
+ 𝛿

(𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧))
′

𝑝𝑧𝑝−1
− 𝜂] 

=
𝛾(1 − 𝑧2𝑚) + 2𝑘𝛿𝑚𝑧𝑚

𝛾(1 − 𝑧𝑚)2
= 0, 

for 

𝑧 = 𝑅 𝑒𝑥𝑝 {
𝑖𝜋

𝑚
}. 

This completes the proof of Theorem 2. 

Putting  𝛿 = 1  in Theorem 2, we obtain the following result. 

Corollary 3. If  𝑓(𝑧)   ∈   𝑆𝑝,𝑚
𝛾,𝑘 (𝛼, 𝛽, 𝜂)(0 ≤ 𝜂 < 𝑝),  then  𝑓(𝑧)   ∈   

𝑆𝑝,𝑚
𝛾+1,𝑘(𝛼, 𝛽, 𝜂)  for  |𝑧| < 𝑅∗,  where  

𝑅∗ = {
√𝑘2𝑚2 + 𝛾2 − 𝑘𝑚

𝛾
}

1
𝑚

. 

The result is the best possible. 

For  𝑐 > −𝑝   and  𝑓(𝑧) ∈ 𝐴𝑝(𝑚),  the integral operator  𝐽𝑐,𝑝𝑓(𝑧):  𝐴𝑝(𝑚) →

𝐴𝑝(𝑚)  is defined by  

𝐽𝑐,𝑝𝑓(𝑧) =
𝑐 + 𝑝

𝑧𝑐
∫
𝑧

0

𝑡𝑐−1𝑓(𝑡)𝑑𝑡 

= (𝑧𝑝 +∑

∞

𝑘=1

𝑐 + 𝑝

𝑐 + 𝑝 + 𝑘
𝑧𝑝+𝑘) ∗ 𝑓(𝑧). 

= 𝑧  2
𝑝 𝐹1(1, 𝑐 + 𝑝, 𝑐 + 𝑝 + 1; 𝑧) ∗ 𝑓(𝑧).                           (29) 

The operator  𝐽𝑐,𝑝𝑓(𝑧)  was introduced by Saitoh [15] and Saitoh et al. [16]. 

From (29), we get  

 𝑧 (𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝐽𝑐,𝑝𝑓(𝑧))
′

= (𝑐 + 𝑝)𝐻𝑝,𝛼,𝛽
𝛾,𝑐

𝑓(𝑧) − 𝑐𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝐽𝑐,𝑝𝑓(𝑧).              (30) 

Theorem 3. Let  𝑓(𝑧) ∈   𝑆𝑝,𝑚
𝛾,𝑘 (𝛼, 𝛽; 𝐴, 𝐵)  and  𝐽𝑐,𝑝  defined by (29). Then  

(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝐽𝑐,𝑝𝑓(𝑧))
′

𝑝𝑧𝑝−1
≺ 𝛩(𝑧) ≺

1+𝐴𝑧

1+𝐵𝑧
,                                    (31) 

where 

𝛩(𝑧) = {

𝐴

𝐵
+ (1 −

𝐴

𝐵
) (1 + 𝐵𝑧)    2

−1𝐹1 (1,1;
𝑐+𝑝

𝑚
+ 1;

𝐵𝑧

1+𝐵𝑧
) , 𝐵 ≠ 0

1 +
𝑐+𝑝

𝑐+𝑝+𝑚
𝐴𝑧, 𝐵 = 0.

    (32) 

is the best dominant of (32). Furthermore, 



PROCEEDINGS OF  IAM, V.9, N.1, 2020 

 

 

 54 

𝑅𝑒 {
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝐽𝑐,𝑝𝑓(𝑧))

′

𝑝𝑧𝑝−1
} > 𝜎 (0 ≤ 𝜎 < 1),                                                   (33) 

where  

𝜎 = {

𝐴

𝐵
+ (1 −

𝐴

𝐵
) (1 − 𝐵)    2

−1𝐹1 (1,1;
𝑐+𝑝

𝑚
+ 1;

𝐵

𝐵−1
) , 𝐵 ≠ 0

1 −
𝑐+𝑝

𝑐+𝑝+𝑚
𝐴, 𝐵 = 0.

            (34) 

The result is the best possible. 

 Proof Let  

𝛩(𝑧) =
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝐽𝑐,𝑝𝑓(𝑧))

′

𝑝𝑧𝑝−1
,                                                      (35) 

where  𝛩  is given by (11). Differentiating (35) and using (30), we get 

(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝐽𝑐,𝑝𝑓(𝑧))
′

𝑝𝑧𝑝−1
= 𝛩(𝑧) +

𝑧

(𝑐 + 𝑝)
𝛩′(𝑧) ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
. 

Now the remaining part of Theorem 3 follows by using the technique used in 

proving Theorem 1. 

Theorem 4. Let  𝑓(𝑧)  be in the class  𝐴𝑝(𝑚).  Also let  𝑔(𝑧) ∈ 𝐴𝑝(𝑚)  
satisfying: 

𝑅𝑒 {
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑔(𝑧)

𝑧𝑝
} > 0. 

If 

|
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑔(𝑧)
− 1| < 1, 

then 

𝑅𝑒 {
𝑧(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)
} > 0 (|𝑧| < 𝑅0),                                               (36) 

where 

𝑅0 =
√9𝑚2+4𝑝(𝑝+𝑚)−3𝑚

2(𝑝+𝑚)
.                                           (37) 

 

 Proof Let  

𝜑(𝑧) =
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝐻
𝑝,𝛼,𝛽
𝛾,𝑘

𝑔(𝑧)
− 1 = 𝑒𝑚𝑧

𝑚 + 𝑒𝑚+1𝑧
𝑚+1+. . . ,                           (38) 

we note that  𝜑  is analytic in  𝑈 , with  𝜑(0) = 0  and  |𝜑(𝑧)| ≤ |𝑧|𝑚.  Then, by 

applying the familiar Schwarz Lemma [13], we have  𝜑(𝑧) = 𝑧𝑚𝛹(𝑧)  is analytic 

in  𝑈  and  |𝛹(𝑧)| ≤ 1   (𝑧 ∈ 𝑈).  Therefore, (38) leads to  
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𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧) = 𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑔(𝑧)(𝑧𝑚𝛹(𝑧) + 1).                                     (39) 

Differentiating (39) logarithmically with respect to  𝑧 , we obtain 

𝑧(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧))
′

𝐻
𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)
=

𝑧(𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑔(𝑧))
′

𝐻
𝑝,𝛼,𝛽
𝛾,𝑘

𝑔(𝑧)
+
𝑧𝑚[𝑚𝛹(𝑧)+𝑧𝛹′(𝑧)]

1+𝑧𝑚𝛹(𝑧)
.                 (40) 

Letting  𝜒(𝑧) =
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑔(𝑧)

𝑧𝑝
,  we see that the function  𝜒  is of the form (11), is 

analytic in  𝑈 ,  𝑅𝑒 𝜒 (𝑧) > 0  and  

𝑧 (𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑔(𝑧))
′

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑔(𝑧)
=
𝑧𝜒′(𝑧)

𝜒(𝑧)
+ 𝑝, 

so, we find from (38) that  

𝑅𝑒 {
𝑧(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)
} ≥ 𝑝 − |

𝑧𝜒′(𝑧)

𝜒(𝑧)
| − |

𝑧𝑚[𝑚𝛹(𝑧)+𝑧𝛹′(𝑧)]

1+𝑧𝑚𝛹(𝑧)
|.                   (41) 

 

Using the following known estimates [6] (see also [13]): 

|
𝜒′(𝑧)

𝜒(𝑧)
| ≤

2𝑚𝑟𝑚−1

1 − 𝑟2𝑚
 and |

𝑚𝛹(𝑧) + 𝑧𝛹 ′(𝑧)

1 + 𝑧𝑚𝛹(𝑧)
| ≤

𝑚

1 − 𝑟𝑚
(|𝑧| = 𝑟 < 1), 

in (41), we  have 

𝑅𝑒 {
𝑧 (𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)
} ≥

𝑝 − 3𝑚𝑟𝑚 − (𝑝 + 𝑚)𝑟2𝑚

1 − 𝑟2𝑚
, 

which is certainly positive, provided that  𝑟 < 𝑅0,   𝑅0  given by (37). 

Theorem 5. Let the function  𝑓(𝑧) ∈ 𝑆𝑝,𝑚
𝛾,𝑘 (𝛼, 𝛽; 𝐴, 𝐵)  and  𝑔(𝑧) ∈ 𝐴𝑝(𝑚)  

satisfying: 

𝑅𝑒
𝑔(𝑧)

𝑧𝑝
>
1

2
. 

Then 

(𝑓 ∗ 𝑔) ∈ 𝑆𝑝,𝑚
𝛾,𝑘 (𝛼, 𝛽; 𝐴, 𝐵). 

 

 Proof We have  

(𝐻𝑝,𝛼,𝛽
𝛾,𝑘 (𝑓 ∗ 𝑔)(𝑧))

′

𝑝𝑧𝑝−1
=
(𝐻𝑝,𝛼,𝛽

𝛾,𝑘
𝑓(𝑧))

′

𝑝𝑧𝑝−1
∗ 𝑧𝑝𝑔(𝑧). 

Since 

𝑅𝑒
𝑔(𝑧)

𝑧𝑝
>
1

2
, 
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and the function  
1+𝐴𝑧

1+𝐵𝑧
  is convex (univalent) in  𝑈,  it follows from (8) and Lemma 

4 that  (𝑓 ∗ 𝑔) ∈ 𝑆𝑝,𝑚
𝛾,𝑘 (𝛼, 𝛽; 𝐴, 𝐵),  which completes the proof of Theorem 5. 

Theorem 6. Let  𝛿 > 0  and the function  𝑓(𝑧) ∈   𝐴𝑝(𝑚)  satisfying: 

(1 − 𝛿)
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
+ 𝛿

𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝑧𝑝
≺

1+𝐴𝑧

1+𝐵𝑧
,                          (42) 

then 

𝑅𝑒 {(
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
)

1

𝑞

} > 𝜀
1

𝑞 (𝑞 ∈ 𝑁),                                     (43) 

where  𝜀  in the form (21). The result is the best possible. 

 Proof Let  

𝜑(𝑧) =
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
,                                                (44) 

where  𝜑  is given by (11). Differentiating (44) and using (16) and (42), we have  

(1 − 𝛿)
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
+ 𝛿

𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝑧𝑝
= 𝜑(𝑧) +

𝛿𝑘𝑧𝜑′(𝑧)

𝛾
≺
1 + 𝐴𝑧

1 + 𝐵𝑧
. 

Now the remaining part of Theorem 6 follows by using the technique used in proving 

Theorem 1. This completes the proof of Theorem 6. 

Proceeding on the same lines as in Theorem 6, we can prove the following theorem. 

Theorem 7. Let  𝛿 > 0  and the function  𝑓(𝑧) ∈   𝐴𝑝(𝑚)  satisfying: 

(1 − 𝛿)
𝐻𝑝,𝛼,𝛽+1
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
+ 𝛿

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
≺
1 + 𝐴𝑧

1 + 𝐵𝑧
, 

then 

𝑅𝑒 {(
𝐻𝑝,𝛼,𝛽+1
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
)

1
𝜎

} > 𝜒0

1
𝜎  (𝜎 ∈ 𝑁), 

where 

𝜒0 =

{
 

 
𝐴

𝐵
+ (1 −

𝐴

𝐵
) (1 − 𝐵)    2

−1𝐹1 (1,1;
𝛽

𝛿𝛼𝑚
+ 1;

𝐵

𝐵 − 1
) , 𝐵 ≠ 0

1 −
𝛽

𝛽 + 𝛿𝛼𝑚
𝐴, 𝐵 = 0.

 

The result is the best possible. 

Theorem 8. Let  𝛾, 𝑣 ∈ 𝐶\{0}  and  𝐴, 𝐵 ∈ 𝐶  with  𝐴 ≠ 𝐵  and  |𝐵| ≤ 1.  
Suppose that  

|
𝑣𝛾(𝐴 − 𝐵)

𝑘𝐵
− 1| ≤ 1 or |

𝑣𝛾(𝐴 − 𝐵)

𝑘𝐵
+ 1| ≤ 1, if 𝐵 ≠ 0, 
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|𝑣| ≤
𝑘𝜋

𝛾
, if 𝐵 = 0. 

If  𝑓 ∈   𝐴𝑝(𝑚)  with  𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧) ≠ 0  for all  𝑧 ∈ 𝑈∗ = 𝑈\{0},  then  

𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)
≺
1 + 𝐴𝑧

1 + 𝐵𝑧
, 

implies 

(
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
)

𝑣

≺ 𝑞1(𝑧), 

where 

𝑞1(𝑧) = {
(1 + 𝐵𝑧)

𝑣𝛾
𝑘
(
𝐴−𝐵
𝐵

), 𝐵 ≠ 0

𝑒
𝑣𝛾
𝑘
𝐴𝑧, 𝐵 = 0

, 

is the best dominant (all the powers are the principal ones). 

 Proof Let us put  

𝜑(𝑧) = (
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
)

𝑣

,                                       (45) 

where the power is the principal one. Then  𝜑  is analytic in  𝑈,𝜑(0) = 1  and  

𝜑(𝑧) ≠ 0  for all  𝑧 ∈ 𝑈 . Taking the logarithmic derivatives on both sides of (45) 

and using the identity (6), we have  

1 +
𝑘𝑧𝜑′(𝑧)

𝑣𝛾𝜑(𝑧)
=
𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)
≺
1 + 𝐴𝑧

1 + 𝐵𝑧
. 

Now the assertions of Theorem 6 follow by using Lemma 5 with  𝜆 =
𝑣𝛾

𝑘
.  This 

completes the proof of Theorem 8. 

Putting  𝐵 = −1  and  𝐴 = 1 − 2𝜌, 0 ≤ 𝜌 < 1,  in Theorem 8, we obtain the 

following result. 

Corollary 4. Assume that  𝛾, 𝑣 ∈ 𝐶\{0}  satisfies either  

|
2𝑣𝛾(1 − 𝜌)

𝑘
− 1| ≤ 1 or |

2𝑣𝛾(1 − 𝜌)

𝑘
+ 1| ≤ 1. 

If  𝑓 ∈   𝐴𝑝(𝑚)  with  𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧) ≠ 0  for all  𝑧 ∈ 𝑈∗,  then  

𝑅𝑒 (
𝐻𝑝,𝛼,𝛽
𝛾+1,𝑘

𝑓(𝑧)

𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)
) > 𝜌, 

implies 
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(
𝐻𝑝,𝛼,𝛽
𝛾,𝑘

𝑓(𝑧)

𝑧𝑝
)

𝑣

≺ 𝑞2(𝑧) = (1 − 𝑧)−2𝑣
𝛾
𝑘
(1−𝜌), 

and  𝑞2  is the best dominant (the power is the principal one). 

4. Remark.  

For different value of  𝛾, 𝑘, 𝛼, 𝛽  and  𝑝  in the above results, we obtain 

results corresponding to the functions given in the introduction. 
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